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Abstract. We consider one-frequency analytic SL(2,R) cocycles. Our main 
result establishes the Almost Rcducibility Conjecture in the case of exponen- 
tially Liouville frequencies. Together with our earlier work, this implies that 
all cocycles close to constant are almost reducible, independent of the fre- 
quency. In our forthcoming work, we discuss applications to the analysis of 
the absolutely continuous spectrum of one- frequency Schrodinger operators. 



1. Introduction 

Here we consider one-frequency analytic SL(2,R) cocycles, that is, linear skew- 
products over an irrational rotation x H ► x+a of the circle R/Z which have the form 
(a, A) : (x,w) >->- (x + a,A(x) ■ w) with A : R/Z -> SL(2,R). The iterates of the 
cocycle have the form (a, A) n — (na, A n ) with A n (x) = A(x + (n — l)a) • • • A(x), 
and the Lyapunov exponent is defined by 

(1.1) L= lim - / In \\A n (x)\\dx. 

n— KX3 n J 

We say that (a, A) is uniformly hyperbolic if the cocycle iterates grow exponentially 
uniformly on x € R/Z. Uniform hyperbolicity is robust (it corresponds to an open 
set of cocycles) and easily analyzed. 

Recently, an approach to the global theory of one-frequency cocycles has been 
proposed |A2| . [A3] . In it, cocycles which are not uniformly hyperbolic are classified 
in three regimes: 

(1) Supercritical (or nonuniformly hyperbolic), if the Lyapunov exponent is 
positive but (a, A) is not uniformly hyperbolic, 

(2) Subcritical, if the cocycle iterates ||yl n (^)|| are uniformly subexponentially 
bounded through some strip < e}, 

(3) Critical otherwise. 

A key point of this classification is that (in the complement of uniform hyperbol- 
icity) both supercriticality and subcriticality are stable (respectively, by [BJlj and 
|A2j ) . while criticality is unstable (it is the boundary of supercriticality, see | A3j ) . 
Moreover, in |A3) it is shown that criticality is "negligible" in the sense that it does 
not appear at all in typical one-parameter families (this is quite convenient for the 
theory since very little is known about the dynamics of critical cocycles, apart that 
they are rare). Naturally, one still is left with the problem of describing the stable 
regimes. 

As it turns out, the understanding of supercriticality is quite developed, through 
the works of Bourgain, Goldstein, Jitomirskaya and Schlag [BG , [GSlj . (BJlj . 
|GS2j . |GS3j . Subcriticality on the other hand, is a relatively new concept, which 
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was first suggested to be relevant in 2006 (see |AJlj ). In fact, |AJlj basically pro- 
posed that the well developed theory of cocycles close to constant ([E], |BJ2j . |AJlj . 
[AFKj ) can be applied to all subcritical cocycles, by the application of suitable coor- 
dinate changes. Recall that in the cocycle context the natural notion of coordinate 
change is given by a conjugacy (x,w) n> (x,B(x) ■ w) with B : R/Z — > PSL(2,R) 
analytic, which takes (a, A) to (a, A') with A'(x) = B(x + a)A(x)B(x)~ 1 . Let us 
say that (a, A) is almost reducible if there exist e > and a sequence of analytic 
maps : R/Z — > PSL(2,R), admitting holomorphic extensions to the common 
strip {\^sz\ < e} such that B^ n \z + a)A(z)B^(z)~ 1 converges to a constant uni- 
formly in < e} (the B^ themselves are allowed to diverge). Essentially by 
definition, the concept of almost reducibility "captures" the domain of applicability 
of "local theories" of cocycles close to constant. The basic hope expressed by [AJ1] 
can be thus expressed in the form of the Almost Reducibility Conjecture (ARC): 
subcriticality implies almost reducibility. 

Our first main result establishes a generic version of the ARC. Let us say that 
a G R \ Q is exponentially Liouville if limsup ln ^" +1 > 0, where q n is the sequence 
of denominators of continued fraction approximants. 

Theorem 1.1. //aGl\Qfc exponentially Liouville, then any subcritical cocycle 
(a, A) is almost reducible. 

Remark 1.1. We should mention that the results of this paper (obtained in 2006- 
2007), preced the results of [52] and [X5] (obtained in 2008-2009), and (being at 
the time the only evidence for the ARC), played a large role in motivating those 
works. On the other hand, we have recently established the ARC for almost every 
frequency (by very different methods, in particular making use of |A2j ). 

Together with our previous analysis of frequencies a which arc not exponentially 
Liouville, Theorem 11.11 implies : 

Corollary 1.2. Any one-frequency cocycle close to constant is almost reducible. 

Proof. Any one-frequency cocycle which is close to constant is either uniformly hy- 
perbolic or subcritical (this is essentially due to [BJlj and |BJ2j , and it is explicitly 
obtained in }A1| by a different argument). Uniformly hyperbolic cocycles are always 
almost reducible: they can be conjugated to a diagonal cocycle, which can then be 
conjugated arbitrarily close to a constant one using approximate solutions of the 
cohomological equation. If a is exponentially Liouville, the result then follows by 
Theorem 11.11 

The complementary case was established earlier in |Alj 

Corollary 1.3. Almost reducibility is stable, in the sense that it defines an open 
set in (R\Q) x C"(R/Z, SL(2, R)). 

Proof. Let (a, A) be almost reducible and let B^ be the sequence of conjuga- 
cies as in the definition. Let (cv/™- 1 , A^ n ') be any sequence of non-almost reducible 

^For a Diophantine, i.e., under the condition mq n +i = 0(\nq n ), this was established in AJ1 
Theorem 4.1 (rigorously speaking, IAJ1I only deals with the case of Schrodinger cocycles, but this 
case implies the general one by a simple abstract argument, see Lemma 2.2 of AJ2 ). Under the 
weaker condition lng n +i = o(q n ) (defining the complement of the exponentially Liouville regime), 
almost reducibility near constants follows from |A1I . which provides the necessary estimates for 
the argument of [AJlj (see Section 3.7 of IA1| ). 
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cocycles converging to (a, A). Then there exists a sequence j n — > oo such that 
I(")(a;) = B {n \x + a^)A {j ^ {x)B ( - n \x)- 1 converges to a constant. By Corol- 
lary 11.21 A( n > must be almost reducible for large n. Since almost reducibility is 
conjugacy invariant, (0^'"^^°') is almost reducible, contradiction. □ 

Acknowledgements: This research was partially conducted during the period 
the author was a Clay Research Fellow. 

2. Rational approximation 

Let Cg(M., *), be the space of bounded analytic functions with values in * = 
R, SL(2,R), which admit a bounded analytic extension to the strip < 5}, 

with the norm ||a|| e = sup^^- \a(z)\. We let C U (R/Z, *) C C"(R, *) be the sub- 
space of 1-periodic functions, with the same norm. Let Rg = 



sin 2tt6 cos 2ir9 

Theorem l 1 . 1 1 will be obtained as a consequence of an estimate for periodic cocycles 
with large period. 

Theorem 2.1. For every < e < eo there exists C > such that if Si > 
is sufficiently small, then for every p/q £ Q with q sufficiently large, if A G 
C e w (R/Z,SL(2,R)) is such that 

(2.1) max In \\A k \\ eo < S%q, with A k (x) = A(x + (k - l)p/q) ■ ■ ■ A(x) 

0<k<q 

then there exists B e C^(R/Z, PSL(2,R)) and R* e SO(2,R) such that \\B(x)\\ e < 
e CSiq , and\\B{z+p/q)A{z)B{z)- 1 - R4 t <e~ Siq . 

Proof of Theorem l l.li Let (a, A) be subcritical. By definition, there exists eo > 
such that 

(2.2) lim sup -ln\\A(z + (n-l)a)-A(z)\\=0. 
"^ oo |Q Z |<£ n 

Thus for every S > 0, there exists n > 1 such that 

(2.3) sup sup \\A(z + (k - l)a) ■ ■ ■ A(z)\\ <e Sn . 

0<k<n \Qz\<e 

In particular, if q > n and p/q is close to a, then 

(2.4) sup ||Afc|| eo < 2Sn, with A n (x) = A(x + (k - l)p/q) ■ ■ ■ A(x), 

0<k<n 

which implies (|2.ip with Si = 25. 

Assume now that a is exponentially Liouville. Then there exists 5' > such 
that we may choose p/q arbitrarily close to a and satisfying \a — ^| < e~ s q . Fix 

< e' < e < eo and let C be as in Theorem 12. II Select < Si < j^qS' and letting 
B be and i?„ be as in Theorem 12.11 we get 

(2.5) 

\\B(z + a)A(z)B(z)- 1 - R*\\ e , < 

\\B(z+p/q)A(z)B(z)- 1 - R*\\ e + \\A\U\\B\\ € \a - -\\\dB\\ t , 

q 

< \\B(z+p/q)A(z)B(z)- 1 R4 £ + \\A\\ e \\Bf e C(e,e')\a ?| 

q 

< C(e,e r )e- S ' q / 2 . 
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Since q can be taken arbitrarily large, the result follows. □ 
We can actually obtain much more information than what is described above. 
For further applications (see | A4j ) . we will need such stronger estimates, but only 
in a particular case (which is not the hardest to prove). 

Theorem 2.2. For every < e < eq there exist 62 > and C > such that 
if Si > is sufficiently small, then for every p/q £ Q with q sufficiently large, if 
A e C^(R/Z,SL(2,R)) is is such that OH]) holds and t = trA q satisfies \i Q \ < 2 
and 2- \i \ > e^ 19 then there exists B G C^(R/Z, PSL(2, R)) and 9 e C e "(R/Z,R) 
such that 9 is 1/q-periodic, \\9 - 9 a \\ e < e'^ and \\B(x)\\ t < e CSiq , and B{z + 
p/q)A{z)B(z)- 1 = R e{z) . 

3. Proof of Theorem 12.21 
3.1. Preliminary estimates. 

Lemma 3.1. Let P(x) = (7^ b Jf°\ ] with a,b,c,d<E C£,(R/Z,C). Assume that 

\c{x) a{x) J 

detP is identically vanishing and S < ||P(z)|| < 1 through {\Qz\ < 6q}. Then there 
exists u € C £ W (R/Z,C 2 ) such that P(z)u(z) = and C^S < \\u(z)\\ < 1 through 
{\Sz\ < e}. HereC = C(e ,e). 

Proof. If c or d vanishes identically, the result is obvious. Indeed, if c vanishes 
identically, for instance, then either a vanishes identically (and u = (1,0) will do) 
or d vanishes identically (and u = (—b,a) will do). 

Let us assume that both c and d are not identically vanishing. Define a mero- 
morphic function (not identically 00) 4>(x) — — 37^ • All estimates below are 
for I Ota; I < e, and C = C(eo,e). 

If 1/4 < \cf>(x)\ < 1 then \D(p(x)\ < C/6. Thus the C^tf-neighborhood of 
0({|Qx| = e}) intersects {1/2 < \k\ < 3/4} in a set of k of Lebesgue measure at 
most 1/10. This implies that there exists |k| < 3/4 such that \4>(x) — k\ > C~ 1 5 
for every x with = e, and such that for every y with |3y| < e and <j){y) — n we 

have \Dtfi(y)\ > C — 1 . Up to replacing P by P ^ ^ , we may suppose that 

K = 0. In particular, the zeros of <^ are simple. Let us estimate the number of zeros 
of (j) in 1 3a; I < e. 

If <f){x) = 0, then either for \jj = a and ^1 = c or tpo = b and ipi = d 
we have |Z3-0o(a;)| > C -1 ^, |-0i(a;)| > C~ 1 8. This implies that we can cover 
the zeros of <j> in {\$sx\ < e} with disjoint disks D of radius C 8, such that 
max,0 =a j, ini xG Q£) \ip(x)\ > C~ 1 S 2 . The zeros (of a or b) in such disks persist trun- 
cation of the Fourier series keeping frequencies at most —ChiS, hence <f> has at 
most — Clni5 zeros in \^sx\ < e. 

Let p(z) — ris=i( z — z s) where z s — e 2m6a and 9 S , 1 < s < N are the zeros of cj>. 
Let u\(9) — p(e 2 ™ e ), and let U2(x) — ui(x) / <p(x) . Since the zeros of </> are simple, 



u\ and U2 are bounded holomorphic functions in \^sx\ < e. Let A = 
claim that u = A -1 ( " 2 ) has the desired properties. 



. We 



Clearly —au2 + bu\ — U2(~a + b<f>) = and similarly — CU2 + du\ = 0, so 
that Pu = 0. We also have ||w(a;)|| = 1 in < e. We need to show that 

C~ l S° < ||(«i(a;),«2(a!))|| < CS' C in |Qfx| < e. 
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Since the number N of zeros of 4> m \^sx\ < e is bounded by — ClnJ, we have 
|iti(a;)| < C8~ in |3x| < e, and since \4>{x)\ > C~ 1 5 in |5x| = e, we also have 
|^2(x)| < C<5~ c in |3faf| < e. This gives the upper estimate. 

To conclude, let us show that a{x)/u\{x) < C~ 1 8 c and c(x)/ui(x) < C~ 1 S for 
3x < e. This implies the lower estimate, since (a, b) and (c, d) are multiples of 
(vi.ua) and ||P(x)|| > <5. 

Since a(x)/iti(x) and c(x)/iti(x) are holomorphic in |9x| < eo and ||P(x)|| < 1 
in |3fx| < eo, it is enough to show that iti(x) > C5~ c for |9fx| = eo- But clearly 
|wi(x)| > \e T2ne — eTSTreojJV •£ ±c$ x _ £q ^ w \y er e TV < — Clno" is the number of zeros 
of (j) in l^xj < e. This implies the lower estimate. □ 

Lemma 3.2. For every < e < €2, there exists 5 > and C > swc/i if Si 
is sufficiently small and q is sufficiently large, the following property holds. Let 
H G C£(R/Z,C), and let fj, k = +.?>/?) ■ Assume toaf H^fclU < e 5l9 7 

\<k<q and that ||Mg 1 ||e 2 < e<5l9 U r ^ erl </lere exist G C"(R/Z,C) suc/i i/iai 

2iritp(z+p/q) 

2-rti0(z) _ e 



( 3A ) - e e2 ^ (z) 

and HV'lle < CSiq, In ||0 — #o||e < — <5<7 and 6 is 1/ q-periodic. Moreover, 

(1) If |/x(x)| = 1 /or every </ien 9-0(x) = /or every igl, 

(2) J/ /i(x) G R /or every i £l, £/ien Sfy>(x) = /or every x G R. 

Proo/. Fix e < e 3 < e 2 < e 2 . Let /x(x) = e 2 ^^^*)), where ^ g C^(R/Z,C). 
Then fj, q (x) = e 2«i{<iqx)+kx) w ith G C7^(R/Z,C). Let A be the average of [i q over 
R/Z. Since ^ g is l/g-periodic and ||// g || e2 < e 5iq with small 5\, sup.j. gR / z Mg(x) — 
A| < e~ 529 , for some <5 2 = <5 2 (e 2 ). Since |/^ g (x ) _1 | > e~ Siq for each xo G R, this 
implies that |A| > e~ Siq /2. In particular, sup xeR / z |jU g (x) — A| < |A|/2, so that 
d = 0. 

Let <f>W = Y,)Zl 4>(x+jp/q)- By hypothesis, || e 27r ^ <fc) || e , < e 5iq , 1 < fc < q and 
|| e -2,ri<|iW|| e , < e 5 l9 _ Thig implieg that 

(3.2) U (k) -k$ \\ e3 <C6 iq . 

Indeed, through {\3>z\ < e' 2 }, it is obvious that — < 5\q, 1 < k < q and 
^(f>^ < Siq, and since for 1 < k < q — 1 we have <f)^{z) + (jM~ k >(z + kp/q) = 
(j>( q \z), we can conclude that we have the estimate |3</>( fc ) (z)| = 25\q through the 
same band. To estimate the real part, one just uses that harmonic conjugation in 
{\^sz\ < e' 2 } composed with restriction to {\$sz\ < 63} is a bounded operator on 
bounded harmonic functions. 

For every k G Z \ qZ, let 1 < j k < q - 1 be such that 1 1 - e 27ri i" k ?/ q \ > 1 1 - e 27ri / 3 1 . 
Then 

1 ' |! „ e 2rrifcp/g| | J _ e 2wij h kp/q | - ° ° iy C 



2 An hypothesis such as 1 || e ^ < e ^', £j close to 62, which is enough for our purposes, 
follows from the assumption that sup^gg/g \fi q (x) — X\ < e~ Kq for some A 6 C with |A| > e~°^ q \ 
by convexity. 
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Let 

(3.4) ^{x) = 



2-irikp/q 1 ' 

so that ||^||e < CSiq. Let 6 = (j) {q) /q, so that \\9\\ €3 = \\^\\ t Jq < CSi. Then 
(f)(z) — 9(z) + tp(z +p/q) — ip(z) (check the Fourier series). Since \\9 — #o||e 3 < CS\ 
and 9 is l/g-periodic, we have \\9 — #o||e < e~ Sq (check the Fourier series). 

The last statement follows automatically from the construction. □ 

3.2. Construction of the conjugacy. Fix e < 62 < ei < eo- Below, C is a large 
constant depending on e, €2, e±, eo that may increase (finitely many times) along the 
argument. Clearly ln||t|| Co < ln(2||A 9 || eo ) < Siq + \n2. Since t is l/g-periodic, it 
easily follows (by considering the Fourier series), that \\t — to\\ ei < e~~ S3q for some 
^3 = 8 3 (e ,e). 

In particular, t(x) = X(x) + A(x)" 1 with A € C£(R/Z,C). Notice also that 
|A(a;)| = 1 for x 6l. 

Applying Lemma 13.11 to P = A q — A id, we conclude that there exists u G 
C£(R/Z,C) with < -ln||u(z)|| < CSiq, |Sz| < e 2 , such that A q {z) ■ u{z) = 
X(z)u(z). Notice that A(z) ■ u(z) is a multiple of u(z + p/q) for every z, A(z) = 
H(z)u(z + p/q)- Let ^ be as in Lemma [3721 We clearly have 

(3.5) max rn||/ifc|| e2 , In ll/^fe 1 || e2 <CSiq + ]n\\A k \\ e2 < CSiq. 

X<k<q 

Let ip and 9 be given by Lemma 13.21 and let v = e 2jri ^u. Then A{z)v{z) = 
e 2nie ^v(z + p/q). Notice that -CS x q < ln\\v(z)\\ < CSiq through {\$$z\ < e} and 
\\0 - O lie < e- S4q for some £ 4 = Si(e 2 ,e) > 0. 

Let B(z) be the matrix with columns v(z) + v(z) and \{y(z) — v(z). Then 
A(z)B(z) = B(z + pi 'q)Re(z)- In particular, b(z + p/q) = b(z), where b = detB. 

Since In ||6|| £a < CSiq, we conclude that ||6 — foo IU — e~ Ssq , for some S 5 = 65(62, e), 
provided Si is sufficiently small. 

We claim that ln||6 _1 || e < CSiq. Since b has exponentially small oscillation, it 
suffices to show that ln6(xo)~ 1 < CSiq for some xq G R. If this does not hold, 
then there exists k £ C with \k\ = 1 such that — ln||u(xo) — kv(xo)|| 3> Siq. 
But since A q (xo)(v(xo) — kv(xq)) = X(xo)v(xq) — kX(xq) v(xo), we conclude that 
-ln|A(x ) - A(x ) _1 | - ln||u(xo)|| > Siq. Since -ln(2 - \t{x )\) < CSiq, this 
implies that — In ||«(xo)[| S> Siq, contradiction. 

Up to changing 9 to — 9 (and replacing v(z) by v(z), we may assume that b(x) > 
for Now let S" 1 = -^B. Then \\B\\ e < e CSiq and B(x+p/q)A(x)B(x)- 1 = 

RgM, as desired. □ 

4. Proof of Theorem 12.11 

4.1. Preliminary estimates. An important input in our estimates is the poly- 
nomial bound on solutions of the Corona problem. Those can already be found in 
the original work of Carleson [CJ , but the more precise version given here has been 
proved using Wolff's approach. 

Theorem 4.1 (Uchiyama |U] , see Trent [T]). There exists C > with the following 
property. Let Oi : B ->• C, 1 < i < k, be such that 5 < (^Li \a>i(x)\ 2 ) 1/2 <1,i6D. 
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Then there exists 04 : B — >• C such that QZ,=i l^tl 2 ) 1 ^ 2 ^ C7>~ 2 (1 — In 5) and swc/i 
that J2i=i a i^i = !• 

It is easy to see that Corona estimates for the disk easily imply corresponding 
ones for the annulus. 

Lemma 4.2. Let a, E C%(R/Z,C), 1 < * < k, be such that 5 < (X)* =1 Mz)! 2 ) 1 / 2 < 
1 through {\$sz\ < 5}. Then there exists 5j 6 Cg(M./Z, C), 1 < i < fc, suc/i £/ia£ 
(2i=i ^(z)! 2 ) 1 / 2 < Co"~ 2 (l + In 5) (roi/i C > as in the previous theorem) and 
such that /Zj—i a i°^i = !■ Moreover, if all the a, are real- symmetric, we can choose 
all the 5j real- symmetric. 

Proof. By the previous theorem, there exist a- E C"(R, C) be such that J^i=i a » a i = 
1 and (X;- = i K(z)! 2 ) 1 / 2 < C(5- 2 (l + In 5) (we use that the strip {|9fc| < J} is 
conformally equivalent to D). Let a|"^(z) = jX)i=o a i( 2: + n )- Let j n —> oo be a 

sequence such that for every 1 < i < k, a^' converges in the topology of uniform 
convergence on compact sets, and let di be the limits. Then di E C^(R/Z, C). 

For the last statement, notice that if the a^ are real-symmetric then we can 
substitute each di(z) by h(di(z) + di(z)). □ 

Lemma 4.3. There exists C > with the following property. Consider a func- 
/ a (o) 5(0) \ 

tion P( > = ( ^ ^j ^(o) J with coordinates in C^(]R/Z,C). Assume that 8 < 

\\P {Q) (z)\\ < 1 through {|9fe| < e } and let \\ det P<°) || eo = p(o"7lno") 2 . J/p < C" 1 

tfcen i/iere arista P = f ° ^ with coordinates C? (R/Z, C) sucA that ||P(°)-P|| < 

— Cp{8 2 / In (5) and detP = 0. Moreover, if P^ is real-symmetric then P can be 
chosen real- symmetric. 

Proof. Let K = ( ° °) be such that a^d + aS® - b^c - bc^ = 1. Let 



c d , 

p(i) = p(0) _ K detP(°\ Then detP« = (det p(°)) 2 det if - Choosing X with 
minimal ||if |L 5 using Lemma[42l we get |detPW| < Cp 2 (S 2 / In S) 2 , while ||P (1) - 
P'°)|| eo < — Cp8 2 /\tl8. Iterating this procedure we get a sequence 

pin) 

converging 

to P as desired. □ 

Lemma 4.4. Let w E C e "(R/Z,C 2 ) be such that 8 < \\w(z)\\ < 1 through {\$sz\ < 
e}. If w(x) is a multiple of a real vector for x E R/Z, tften t/iere exists w E 
C"(R, R 2 ) smc/i i/iai w(x + 1) = ±z/}(a;) /or every i£M, w(x) is a multiple of w{x) 
for every and C^o" 3 / 2 < ||w(a;)]| < C8~ 1 I 2 for \Sx\ < e. 



Proof. Let w — (a, 6), and let a(z) = a(z), b(z) — b{z). Let = a/a = o/6. Then 
2~ 1 / 2 8 < <p(z) < 2 1 ' 2 8- 1 through {|3z| < e}. Let w{x) = <j>- l l 2 w{x). □ 

Remark 4.1. If in the statement of Lemma 13.11 we further assume that P is real- 
symmetric, we can then obtain, using Lemma [4.4[ a real-symmetric solution of Pu = 
satisfying the required bounds (with adjusted constants), which is not necessarily 
1-periodic, but satisfies u[x) = ±u(x + 1). It is not possible in general to get a 

,-r- i i t-./ \ i — shi 7tx cos TTx — sin 2 TTX 
1-penodic solution, as exemplified by Fix) = 9 

\ cos TTx sin ttx cos 7rx 
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Lemma 4.5. For every < e\ < eo, there exists Co > 0, 5q > such that for every 
< S < So, if q is sufficiently large and <f> 6 C^(R/Z,C) is such that ||</>|| £o < e Sq , 
while there exists z with 5z| < t\ such that \(f>[z)\, \<f)(z + (q — l)/q)\ < e~ CSq 
with C > Co, then \\cj)\\ ei < max{e-^ lci «, e~ s ° q }. 

Proof. Let 4>(x) = YX=-{qff <t>ke 27Tikx . Then \\<j) - 0|| ei < e - 5iq with 5i = 
8\{eo,e) > 0, provided So is sufficiently small. By Lagrange interpolation, 

9-1 

(4.1) sup \\${x)\\ < T,\<Kz + k/q)\ <qe- CSq . 



(Indeed ip(x) — e 2m ^ q / 2 ^ x cb(x + z) satisfies ip(x) = J2k=l) / q)c q (x — k/q) where 
c q (x) = i J2l=o e 27Ttkx / q , so that su-p xm / z \c q (x)\ = 1.) The result follows by 
convexity. □ 

4.2. Construction of the conjugacy. Fix e < e' < eo- As in the proof of 
Theorem 12.21 the hypothesis implies that 

(4.2) \\t(x)~i \U' <e~ 5 ^ 

for some S3 = Ss(e' , e ) > 0. 

We will consider 2 distinct cases: 

(1) |2-|t || >e- c oM 

(2) |2-|*o|| <e- c o 5lC >. 

Here Co — Co(eo, e) will be some appropriately large constant. 

4.2.1. Case (1). If |t | < 2, the result is contained in Theorem l2.2l We will assume 
below that \to\ > 2. In this case (|4.2|) implies t(z) = X(z) + A(z) -1 with A G 
C£,(M./Z, R). The argument below is a simple adaptation of that of Theorem 12.21 
Fix e < e" < e'" < e x . 

Applying Lemma |3"7T1 and Remarkl4~T1to P = A q - A id, we obtain u £ C"„ (R, R 2 ) 
with e r CSiq < \\u(x)\\ < 1, \5$x\ < e" such that u(z + 1) = ±u(z) and A q u = \u. 
Notice that A(z) -u(z) is a multiple of u(z+p/q) for every z, A(z)u(z) = [i(z)u(z + 
p/q). Notice that /x is 1-periodic. Let Hk be as in Lemma [3.21 We clearly have 
||Wt||e»,||A*k 1 ||e» < e cs ^\\A k \\ t „ < e c ^ q , 1 < k < q. Let V and 9 be given by 
Lemma [3~2l (with eo = e" and e = e'"), and let v = e 2lxl ^u. Then v is real-symmetric 
and A{z)v{z) — ~/(z)v(z + p/q), where 7(2) is l/g-periodic and real-symmetric. 
Notice that 7 has the same sign as /x and 7 9 = A. 

An analogous argument yields a solution v' 6 C^//(IR,R 2 ) such that v'(z + 1) = 
±v(z), A g u' = A _1 V and A(2:)w'(z) = 7(z) _1 w(z+p/(7). Notice that since A 7^ A -1 , 
t; is not colinear with v' , so the determinant of the matrix with columns v{x) and 
v'(x) does not change sign for x £ R. Thus v and w' are both 1-periodic or 1- 
antiperiodic. Take B as the matrix with columns v and v' . Since A(z)B(z) = 

B(z+p/q) f 7 ^ 7(z°)- 1 )' & = d0t ^ iS 1 / < ?-P eriodic > so that ll & " Me < e ^ 29 
(where (52 > is independent of <5i small). For fixed £0 6 since A q (xo) is an e* 19 
bounded matrix whose eigenvalues X(xo) and A _1 (a;o) are e~ CSiq apart, the angle 
between the eigenvectors v(xo) and v'(xo) is at least e~ CSiq . Thus \b(xo)\ > e~ CSiq , 
and hence |&o| > e - * 7519 . The result follows by taking B~ x as the matrix with 
columns v and v' /b. 
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4.2.2. Case (2). We will use, in two distinct situations, the following estimate. 

Lemma 4.6. For every e < e\ < 6q, there exists C5 > 1 such that for every 
C3 > 1 sufficiently large and every C4 > 1, for every Si > is sufficiently small, 
ifp/q 6 Q with q sufficiently large, and A G Cf (R/Z, SL(2, R)) satisfies l2~T\) , 
then the following property holds. If there exists W G (R/Z, SL(2, R)) and 
R G SO(2,R) satisfying 

(4.3) \\W(z+p/q)A(z) - RW(z)\\ ei < e -C3C 4 5i? ; 
while 

(4.4) \\W(z)\\ > e~ c * 5iq , \Qz\<ex, 
and 

(4.5) ||detW|| ei < e~ C3CAq , 

then there exists B G C"(R/Z, PSL(2, R)) and a constant diagonal matrix D G 
SL(2,R) such that \\B\\ e < e c * c ^ q and \\B(z + p/q)A(z)B(z)- 1 - D\\ e < e - CAq . 

Proof. Fix e < C2 < ei. Apply Lemma [4T51 to P(°) = VF to obtain P with det P = 
such that ||P - W||ei < e c ~ lG:iCiSiq Using Lemma |3~T1 together with Remark ETT1 
to get u G C7^,(R, R 2 ) such that u(z + 1) = u(z) or w(z + 1) = — u{z) such that 
Pu = 0, and satisfying e -cc 4 s iq < || u ( z )|| < 1 through < e 2 }. Then 

(4.6) ||W(«) • u(z)IL < e - c ~ lc » c * ai «. 
Using (|4.3p we get 

(4.7) \\W(z+p/q) ■ A{z)u{z)\\ t2 < e -C- 1 C 3 C 4 5 1?) 

Using (|4~4|) . it follows that A(z) ■ u(z) is e -C~ 1 c 3 C 4 5iq cloge to a mtl ltiple of u(z + 
p/q), \5§z\ < e 2 . Using Lemma El define B £ C"(R/Z, PSL(2, R)) with first 
column u. Then 

(4.8) B(z+p/q)- 1 A(z)B(z) = f?(fl ) , 

with /j, real-symmetric, and || -S3 1| e2 , ||s4||e 2 < e ~ C lc, 3C 4 «5ig_ As m p r00 f f case 

N 

e^, 



' e - ^ 

(2) above, we can apply Lemma I3~2l to obtain t/j and 6 such that B' = I ^ I P 



satisfies 

(4.9) P'(, +P / g) A( 2 )P'(,)- = e _ 27r J^ s , 



with ||s^|| e , ||4|| £ < e~ c c * c ^i. We also have the bound ||P'|| e < e CCAq , and 



1 \\B'\U < e 

hence ||s 2 ||e < e cc ^ iq . Since ||0 - o ||e < e~ bq with 8 = 8(e,e 2 ), the result follows 
with A" 1 = f jj P', d = e loc ^«(l + ||s 2 || e ). □ 

One key consideration when to is close to ±2 is whether ±A q is close to the 
identity or not. Fix e < ei < e'. Notice that if \\A q =p id || £l > e" 00 * 19 then 

(4.10) ||A,(z)Tid|| > e - c ^?, |9z|< ei , 

for an appropriately large constant C%, which does not depend on the choice of Cq. 
Indeed, if this was not the case then there would exists z with |3z| < t\ such that 
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\\A q (z + kp/q) T id || < ||A fc (z)|| 2 p g (z) T id || < e - C2CoSiq for < k < q - 1 with 
Ci large. Applying Lemma T4. 5 1 to the coefficients of A q =p id, that are bounded by 
e Siq + 1 through {\Qz\ < eo}, leads to a contradiction. 

We will assume below that Co is chosen much bigger than C\ . Then, under the 
assumption that (|4.10j) holds, the result follows from Lemma WM with W — A q ^\A. 

Assume not that (|4.10j) does not hold, so that, as explained above, we must have 

(4.11) 114, T id ||e a <e- CoS ^. 

Let us consider a large coefHcient of the discrete Fourier transform of the essen- 
tially periodic sequence {Ri s /2 q A s } q s Zl, where I = if A q is close to id and / = 1 is 

A q is close to — id. More precisely, take Wk = J2tZo Rks/ q Ris/2qA s , < k < q — 1. 
Then 

(4.12) W k (z +p/q)A(z) = R- ( 2k+i)/2 q (Wk(z) ± A q {z) - id), 
so that by (|4~Pjl . 

(4.13) \\W k (z+p/q)A(z)-R (2k+l)/2q W k (z)\\ ei < e - c ~ 1CoS ^ 

(here and below, we use C for quantities that do not become larger if Co is taken 
large, so that we can always assume that Co > C). Clearly, for every x G R/Z and 
any unit vector y G R 2 , 

9-1 9-1 

(4.14) Y,w w ^ x )-y\\ 2 = ^\\ A ^ x )-yf 

fc=0 s=0 

(Parseval identity). The average of the right hand side over the circle of unit vectors 
is 

(4.15) + 

s=0 

so for every x G R/Z, there exists one unit vector y such that X)fc=o II^M 2 -) ' vW 2 — 
q 2 . Fix xq G R and let W = W ko where k is such that such that || W/c (xo) || 2 is 
maximal. Then ||VT(;Eo)|| 2 > ?• 

We claim that for fixed e < e[ < ei, 

(4.16) -ln||W(*)ll <C6tq, \$Sz\ < e[. 

Indeed, if ||W(«)|| < e- CSiq with large C, then maxo<i< g _i ||W(z+jp/?)|| < e^ 19 
with large C, and Lemma [4.51 implies that ||W|| £ ' < e~ CSiq with large C. This 
contradicts ||VF(iro)|| 2 > q, so that fill)) holds. 

Let w = detW. Then, by P~P3"]) . ||w(z + p/g) - w(z)|| £l < e ~ c ~ lc ° Siq , so w i s 
e — C c <5i9 ^ Q i^^~ w(a; + kp/q), which is 1/g-periodic and bounded by qe 2Siq 
over {\$$z\ < ei}. By convexity, we get that \\w — Wo\\ e ' < e~ c lc ° Siq . 

Assume that — In \wo\ < C^ 2 Siq. If w(x) > for x G M, then take £> = -^jjiW. 

If w(x) < for a; G R, then take B = ( ^ ^ ( _J^ 1/2 W^. The result follows. 

1 /2 

Assume that — In | i/>o I > C Jig. The result follows by applying Lemma [4.61 
(with 6j instead of ei). □ 

Remark 4.2. The analysis above can be refined further to yield considerably more 
precise estimates. 
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